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AN OPTIMAL INEQUALITY BETWEEN SCALAR CURVATURE
AND SPECTRUM OF THE LAPLACIAN
HÉLÈNE DAVAUX
Abstrat. For a Riemannian losed spin manifold and under some topologial
assumption (non-zero Â-genus or enlargeability in the sense of Gromov-Lawson),
we give an optimal upper bound for the inmum of the salar urvature in terms
of the rst eigenvalue of the Laplaian. The main diulty lies in the study of
the odd-dimensional ase. On the other hand, we study the equality ase for the
losed spin Riemannian manifolds with non-zero Â-genus. This work improves an
inequality whih was rst proved by K. Ono in 1988.
1. Introdution
Our result is in the framework of spin geometry, in whih Dira operators and index
Theorems play an important role (see [LM89℄).
Reall that, in the sixties, by applying the index Theorem to the Dira operator,
A. Lihnerowiz [Li63℄ found a striking topologial obstrution to the existene of
Riemannian metris of positive salar urvature on a losed spin manifold. Namely,
if the Â-genus is not zero, suh metris do not exist.
In spite of its beauty, this result was somewhat frustrating: it works in dimension 4k
only, and does not give anything for suh manifolds as tori, whose Â-genus vanishes.
The seond break-through, was made by M. Gromov and H.B. Lawson in the late
seventies (see [GL80℄). Their idea was to write down a Bohner-Weitzenbök formula,
not for the lassial Dira operator as Lihnerowiz did, but for some twisted
operator, dened on the tensor produt of the spin bundle by a suitable vetor bundle.
Then, when there exist non homologially trivial suh bundles with arbitrarily small
urvature, they obtained an obstrution to the existene of positive salar urvature
metris.
More speially, their obstrution works for enlargeable manifolds:
Denition 1.1. Let (V, g) be an n-dimensional losed oriented Riemannian mani-
fold. The manifold V is said to be enlargeable if for eah onstant ε > 0, there exists
a nite Riemannian spin overing V˜ε of V suh that V˜ε admits an ε-ontrating map
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fε : V˜ε → Sn (that is ‖fε∗v‖ 6 ε‖v‖ for all tangent vetors v on V˜ε) of non-zero
degree.
Then for a losed spin manifold with non-zero Â-genus (A. Lihnerowiz) or for a
losed enlargeable manifold (Gromov-Lawson), we have the inequality
inf scal(V, g) 6 0 for any metri
where scal denotes the salar urvature.
In [Ono88℄, K. Ono improved this inequality. Let us rst introdue the total Â-
lass, Â(V ), of a n-dimensional manifold V ([LM89, pp. 231-233℄). Then the Â-
genus, denoted by ÂV [V ], is just the evaluation of the lass Â(V ) ∈ H4∗(V,Q) on the
fundamental homology lass [V ] ∈ Hn(V ) of the manifold. The greatest lower bound
of the spetrum of the positive Laplaian will be denoted by λ0.
Theorem 1.2 (K. Ono). Let (V, g) be a losed Riemannian manifold and (V˜ , g˜) be
its universal overing.
(a) If V is spin with non-zero Â-genus then
inf scal(V, g) 6 −4λ0(V˜ , g˜).
(b) If V is enlargeable, then the same inequality holds.
K. Ono relates his result with the following result of R. Brooks [Bro81℄ whih says
that for a losed Riemannian manifold V , λ0(V˜ , g˜) = 0 if and only if the fundamental
group of V is amenable. Here we all a group G amenable if it has a left invariant
mean. Sine λ0(V˜ , g˜) is always non-negative, the result is partiularly interesting for
a manifold of non amenable fundamental group. Indeed a losed spin manifold with
non-amenable fundamental group whih admits a metri of zero salar urvature will
have neessary zero Â-genus.
In this paper we improve both statements (a) and (b) in Theorem 1.2 to optimal
inequalities.
Theorem A. Let (V, g) be a losed Riemannian spin manifold of dimension n = 4k
and (V˜ , g˜) be its universal overing. If V satises ÂV [V ] 6= 0, then
inf scal(V, g) 6 −4 n
n− 1λ0(V˜ , g˜).(1.1)
Theorem B. Let (V, g) be a losed Riemannian manifold of dimension n and (V˜ , g˜)
be its universal overing. If V is enlargeable, then the same inequality holds.
While K. Ono's proof is easily adapted in the even dimensional ase (we mainly
use the rened Kato inequality instead of the lassial one), the odd dimensional ase
requires more work, to whih is devoted the main part of this paper. We point out
that, in the odd dimensional ase, K. Ono onsidered V × S1 to bring the problem
bak to even dimension. But in our ase, this method gives rise to the onstant
(n+ 1)/n instead of n/(n− 1).
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Now, let us make some remarks on the equality ase. Sine the bottom of the
spetrum of the hyperboli spae equipped with the anonial metri is just (n−1)2/4,
the inequality (1.1) is optimal in the ase of losed hyperboli (enlargeable) manifolds.
Furthermore, under the assumptions of Theorem A, we an make a areful study of
the equality ase:
Theorem C. Let (V, g) be a losed Riemannian spin manifold of dimension n = 4k,
with non-zero Â-genus. We have
inf scal(V, g) = −4 n
n− 1λ0(V˜ , g˜)⇐⇒ scal(V, g) = 0.
Reall that A.Futaki showed in [Fut93℄ that for a manifold (V, g) whih satises
the assumptions of Theorem A, if #pi1(V )| ÂV [V ]| > 2n/4 then V does not admit any
metri with scal(V, g) > 0. Therefore in the equality ase of Theorem A we have
neessarily #pi1(V )| ÂV [V ]| 6 2n/4.
When pi1(V ) is nite (and therefore when λ0(V˜ , g˜) is zero) we an use λ1(V˜ , g˜)
instead of λ0(V˜ , g˜). This improvement is due to V. Mathai in [Mat92, Theo. 2.5℄ who
was inspired from Meyer's Lemma revisited by P. Bérard in [Ber88, Appendix III℄.
2. Outline of the proofs
Theorem 1.2 is originally due to K. Ono [Ono88℄; however we prefer a shorter proof
given by V. Mathai in [Mat92, Theo. 2.5℄ and it is his proof whih we shall update.
First we introdue some notation: V will always be a spin losed Riemannian n-
dimensional manifold and (V˜ , g˜) a Riemannian overing (the universal Riemaniann
overing unless otherwise stated). In the following the tilde is always used to denote
the lift of the objet under onsideration to the overing V˜ . Sine V is spin we an
onsider the spinor bundle /S over V and the assoiated Dira operator /D ating on
spinors over V . If Y is a Riemannian bundle over V with a Riemannian onnetion,
we an onstrut the Cliord bundle /S⊗Y endowed with the assoiated twisted Dira
operator /DY ating on setions of the bundle /S ⊗ Y .
In the present artile we will prove the inequality
inf scal(V, g) 6 −4 n
n− 1λ0(V˜ , g˜)
with various assumptions on V . But the proofs are essentially similar and an be
deomposed into three key points:
1. We nd a ondition under whih there exists a Dira operator D˜ on V˜ suh
that 0 belongs to the spetrum of this operator. In order to use the ation of
pi1(V ), we look for suh an operator as a lifted operator of a Dira operator D
on V .
In the even dimensional ase we shall use Atiyah's Γ-index Theorem (see
[Ati76℄ and [Roe98, hap. 15℄). For the odd dimensional ase we need the
spetral ow introdued in [APS76, §7℄ (see also [Gro96, §611
12
℄ and [Ni99, §1℄)
and the Γ-index theorem developed by M. Ramahandran in [Ram93℄ for the
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non loal Atiyah-Patodi-Singer boundary problem on non ompat manifold
with boundary.
2. From this, we prove an approximate inequality. The Dira operators
under onsideration are Dira operators twisted by a bundle denoted Y . Suh
operators give rise to a Bohner-Weitzenbök formula (see [GL83, §2℄). Then, the
rened Kato inequality [CGH00℄ ombined with a standard Rayleigh quotient
argument gives the following inequality, whih is nearly what we want:
inf scal(V, g) 6 −4 n
n− 1λ0(V˜ , g˜) + αn‖R
Y ‖
where αn is some universal onstant and R
Y
is the urvature of the bundle Y .
3. We onstrut, for any ε > 0, a sequene of bundles Yε on V suh that 0 belongs
to the spetrum of /˜DYε (i.e. satises the ondition found previously in the rst
step (1)) and ‖RYε‖ 6 ε. Letting ε→ 0, we obtain the desired inequality (1.1).
Here the enlargeability of V is ruial.
The paper is organized as follows. In Setion 3 we reall the Γ-index theory and
ahieve the rst step of the proof, espeially in the odd dimensional ase. Setion 4
is devoted to the seond point (whih does not depend on the dimension). In Setion
5 we prove Theorem A and its equality ase, Theorem C. In Setion 6 we give the
proof of Theorem B in the even and odd dimensional ases. In Setion 7 we make
some remarks and generalizations of our results.
3. Use of Γ-index
3.1. Atiyah's Γ-index Theorem. For this setion we refer to the original artile of
M. Atiyah [Ati76℄ (see also [Roe98, hap. 15℄). The general ontext is the following: V˜
denotes a Galois overing of V with Galois group Γ. The group Γ ats disontinuously
on V˜ by dek transformations and V˜ /Γ = V . If S is a Cliord bundle over V with
Dira operator D, let S˜ and D˜ denote their natural lifts on V˜ . In the following Γ is
almost always the fundamental group of V .
On the a priori non-ompat manifold V˜ , a entral idea is to introdue an algebra
of smoothing operators on V˜ that reets the extra struture of the Γ-ation.
Denition 3.1. With notation as above, we dene the set of Γ-Hilbert-Shmidt op-
erators A on L2(S˜) by the following onditions:
(i) A is bounded on L2(S˜).
(ii) A is Γ-invariant; that is, for all s ∈ L2(S˜), A(γs) = γ(As) where by denition
γs(x˜) = s(γ−1x˜).
(iii) A is represented by a smooth kernel k(x˜, y˜) so that As(x˜) =
∫
V˜
k(x˜, y˜)s(y˜)dy˜.
Moreover x˜ 7→ k(x˜, ·) and y˜ 7→ k(·, y˜) are smooth maps of V˜ into the Hilbert
spae L2(S˜).
(iv) There is a onstant C suh that for all x˜ ∈ V˜ , we have ∫
V˜
|k(x˜, y˜)|2dy˜ < C and
for all y˜ ∈ V˜ , we have ∫
V˜
|k(x˜, y˜)|2dx˜ < C.
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By the Riesz representation Theorem for funtionals on Hilbert spae, the quantity∫
V˜
|k(x˜, y˜)|2dy˜ is the square of the norm of the linear funtional s 7→ As(x˜) on L2(S˜).
Therefore, there is a onstant C suh that
∫
V˜
|k(x˜, y˜)|2dy˜ < C if and only if A
maps L2(S˜) ontinuously to the spae CB(S˜) of bounded ontinuous setions of S˜.
Similarly there is a onstant C suh that
∫
V˜
|k(x˜, y˜)|2dx˜ < C if and only if A∗ maps
L2(S˜) ontinuously to CB(S˜).
The set of Γ-Hilbert-Shmidt operators is an algebra.
An operator A is said to be of Γ-trae if there exist two Γ-Hilbert-Shmidt operators
B1 and B2 suh that A = B1B2. If A is an operator of Γ-trae, let k be its kernel and
hoose any fundamental domain F for the Γ-ation on V˜ ; then
TrΓ(A) :=
∫
F
Tr k(x˜, x˜)dvol(x˜) <∞.
Now we give an important property of the Γ-trae (nearly the same as for the
standard trae of matrix): for A and B two Γ-Hilbert-Shmidt operators or A an
operator of Γ-trae and B a bounded operator, the operators AB and BA are of
Γ-trae and
TrΓ(AB) = TrΓ(BA).
We also need to reall the Γ-dimension whih is motivated by the fat that the
trae of a projetion operator is the dimension of its image. If H is a subspae of
L2(S˜) with the property that the orthogonal projetion operator P from L2(S˜) onto
H is Γ-Hilbert-Shmidt, then we dene
dimΓ(H) := TrΓ(P ).
Finally we restate the Atiyah's Γ-index Theorem [Ati76℄: suppose D (and so D˜)
is a Z2-graded Dira operator. The orthogonal projetion P onto the kernel of D˜ is
Γ-Hilbert-Shmidt and
indΓ(D˜
+) := dimΓ(ker D˜
+)− dimΓ(ker D˜−) = ind(D+).
We reall that a Z2-graded operator D from L
2(S) to L2(S) is an operator whih
deomposes itself as (
0 D−
D+ 0
)
on the eigenspaes S+ and S− of an involution ε ating on S. For example, the
standard Dira operator on a spin even-dimensional manifold V 2m is Z2-graded. Here
ε is the Cliord multipliation by the volume form ω = ime1 · e2 · · · e2m (where the
(ei)i=1,··· ,2m form an orthonormal basis of T ∗V ) ating on the spinor bundle.
3.2. First step in the even dimensional ase. In the even dimensional ase we
an now give a ondition whih ensures the existene of a Dira operator on V˜ suh
that 0 belongs to its spetrum.
Proposition 3.2. Let D be a Z2-graded Dira operator on V and D˜ be its lift. If
indD+ 6= 0, then 0 belongs to the point spetrum of D˜.
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Proof. It is just an appliation of Atiyah's Γ-index Theorem. Indeed indΓ D˜
+ 6= 0
implies that dimΓ ker(D˜) 6= 0. Using the denition of Γ-dimension, this ensures that
there exists a non-zero spinor in this kernel. 
Remark 3.3. For the Dira operator /D on spinors the ondition is ÂV [V ] 6= 0, whih
is exatly the assumption of Theorem A. For the twisted Dira operator /DY , the
ondition is {Â(V ) ch(Y )}[V ] 6= 0 (see [LM89, Theo. 13.10℄).
3.3. First step in the odd dimensional ase. On an odd dimensional manifold,
the ordinary index of every ellipti operator is always zero ([LM89, Theo. 13.12℄). In
order to overome this diulty, we onsider the spetral ow of a family of Dira
operators instead of the index Theorem of only one Dira operator. The use of the
spetral ow is inspired by the proof of Vafa-Witten's Theorem on eigenvalues of the
Dira operator, given in [Ati85℄.
3.3.1. Condition on the spetral ow. We start with a smooth family {Du}u∈[0,1] of
Dira operators on V and lift it to V˜ to obtain the family {D˜u}u∈[0,1] of Dira operators
on V˜ . We searh for a ondition whih ensures that there exists some u0 ∈ [0, 1] suh
that 0 belongs to the spetrum of D˜u0 . For this we will use the adequate index
Theorems on V × [0, 1] and V˜ × [0, 1]. For V × [0, 1], we need the index Theorem
of Atiyah-Patodi-Singer (see [APS76℄) for a ompat manifold with boundary and its
assoiated η-invariant. We will also reall what is the spetral ow of a family of Dira
operators and in partiular, the link between the η-invariant and the spetral ow.
For V˜ × [0, 1], we will use the Γ-index Theorem developed by M. Ramahandran in
[Ram93℄ for a non-ompat manifold with boundary where the ηΓ-invariant plays an
important role. We will then relate the derivatives of η and ηΓ ([Gil84, §1.7&1.10℄).
In the following we will denote the spetrum of an operator D by spec(D).
Our main task in this setion is to show:
Theorem 3.4. If the spetral ow of the smooth family {Du}u∈[0,1] of Dira operators
on V is non-zero, then there exists u0 ∈ [0, 1] suh that 0 belongs to the spetrum of
D˜u0.
Proof. We borrow here the presentation of the Atiyah-Patodi-Singer index Theorem
and of the η-invariant from L.I. Niolaesu [Ni99, §1℄. On V × [0, 1], we onsider the
operator D = ∂
∂u
− Du. The index Theorem with the spetral boundary ondition of
Atiyah-Patodi-Singer ([APS76℄) for the manifold V × [0, u] with boundary V ×{0}∪
V ×{u}, where V ×{0} orrespond to V negatively oriented and V ×{u} orrespond
to V positively oriented (the orientation of ∂(V × [0, 1]) is given by the outer normal),
gives
ind(D, V × [0, u]) = A(u)− 1
2
(−η(0) + h(0) + η(u) + h(u))
where η(u) is the η-invariant of the manifold (V,Du), h(u) = dimker Du and A(u) is
the integral over M × [0, u] of the index density determined by the operator D whih
is a ompletely loal objet.
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We introdue the ξ-invariant (or redued η-invariant) by ξ(u) = (h(u) + η(u))/2.
Hene
ind(D, V × [0, u]) = A(u)− (ξ(u)− ξ(0))− h(0).(3.1)
Reall what the spetral ow is. The disontinuities of ξ(u) are due to jumps in
h(u). We desribe how the jump in h(u) aets ξ(u) in a simple, yet generi situation.
We assume Du is a regular family i.e.
• the resonane set Z = {u ∈ [0, 1]; h(u) 6= 0} is nite,
• For every u0 ∈ Z, there exists ε > 0, an open neighbourhood N of u0 in [0, 1]
and smooth maps λk : N →] − ε, ε[, k = 1, . . . , h(u) suh that for all u ∈ N
the family {λk(u)}k desribes all the eigenvalues of Du in ] − ε, ε[ (inluding
multipliities) and, moreover,
d
du
λk(u0) 6= 0 for all k = 1, . . . , h(u0).
Now for eah u ∈ Z, set σ± = #{k| ± dduλk(u) > 0} and
∆uσ =
 −σ−(0) if u = 0σ+(u)− σ−(u) if u ∈]0, 1[
σ+(1) if u = 1
If ∆uξ := limε→0+ (ξ(u+ ε)− ξ(u− ε)), we see that ∆uξ = 0 if u /∈ Z while for u ∈ Z
we have ∆uξ = ∆uσ. Finally, dene the spetral ow of the family Du by
sf(1) = sf(Du, u ∈ [0, 1]) =
∑
u∈[0,1]
∆uσ =
∑
u∈[0,1]
∆uξ.(3.2)
In fat the spetral ow ounts how many eigenvalues of Du ross zero as u moves
from 0 to 1.
We rewrite the equality (3.1) as follows,
ξ(u)− ξ(0) = A(u)− ind(D, V × [0, u])− h(0).
The term A(u) depends smoothly on u. The term (− ind(D, V × [0, u])− h(0)) is
integer-valued so it annot be smooth, unless it is onstant. If ξ(u) := ξ(u) mod Z
(seen as a map from [0, 1] to [0, 1] identied with S1) then u 7→ ξ(u) is smooth.
Therefore we dedut
sf(u)
(3.2)
=
∑
v∈[0,u]
∆vξ = − ind(D,M × [0, u])− h(u)(3.3)
and
d
du
ξ(u) =
d
du
A(u) and so A(u) =
∫ u
0
d
dv
ξ(v)dv.(3.4)
Moreover we assume D0 = D1, hene
ind(D, V × [0, 1]) (3.1)= A(1)− 1
2
(h(0) + h(1))
(hyp.)
= A(1)− h(0) (3.4)=
∫ 1
0
d
du
ξ(u)du− h(0)
(3.3)
= −sf(1)− h(0).
Thus we have proved the following Lemma:
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Lemma 3.5. With the previous notations:
A(1) = −sf(1) =
∫ 1
0
d
du
ξ(u)du =
1
2
∫ 1
0
d
du
η(u)du
where η(u) = 2ξ(u) (representant of η(u) in [0, 2[  seen as a map from [0, 1] to S1).
Remark 3.6. The minus sign in the equality A(1) = −sf(1) is due to the fat that we
use D = ∂
∂u
− Du instead of the onvention of Atiyah-Patodi-Singer [APS76℄ whih
is to use D = ∂
∂u
+ Du. Moreover we do not use the same orientation on V × [0, 1]
as in [APS76℄. This dierent onvention on orientation is also used by Bismut-Freed
[BF86, Theo. 2.11, Rem. 6℄.
We now study D˜ = ∂
∂u
− D˜u on V˜ × [0, 1]. The relevant index Theorem in this ase
gives the formula [Ram93℄
indΓ(D˜, V˜ × [0, u]) = A(u)− 1
2
(−ηΓ(0) + hΓ(0) + ηΓ(u) + hΓ(u))
where ηΓ(u) is the ηΓ-invariant of the manifold (V˜ , D˜u) (dened in the next Sub-
setion 3.3.2), hΓ(u) = dimΓ ker D˜u and A(u) is the same as in the formula (3.1) (in
partiular it is an integral over V × [0, u] and not on V˜ × [0, u]).
By ontradition, we assume that for all u ∈ [0, 1], 0 /∈ specDu and thus hΓ(u) = 0.
In the following Sub-setion 3.3.2, we shall show the ruial lemma:
Lemma 3.7. Assume 0 /∈ spec(D˜u) for all u. Then the ηΓ-invariant is a smooth
funtion of u satisfying
d
du
ηΓ(u) =
d
du
η(u).
Hene, as D0 = D1 (and so D˜0 = D˜1), using Lemma 3.5 and Lemma 3.7, we have
0 = ηΓ(1)− ηΓ(0) =
∫ 1
0
d
du
ηΓ(u)du =
∫ 1
0
d
du
η(u)du = −2 sf(1).
Therefore we have found a ontradition and Theorem 3.4 is proved. 
Remark 3.8. We emphasize that the spetral ow of a family of Dira operators does
not depend on the index Theorem of the ompat manifold with boundary V × [0, 1]
but on the lassial Atiyah-Singer index Theorem on the losed manifold V ×S1 (see
[BF86, Theo. 2.11℄). In fat, sf(Du; u ∈ [0, 1], D0 = D1) = − ind(D) for any operator
on V × [0, 1] suh that D|V×{u} = −Du. This remark will be important when we
generalize our result to the innite K-area ase in Setion 7.
3.3.2. Study of the η(Γ)-invariant. The proof of Lemma 3.7 will oupy the whole
of this setion. It is based on the same priniple as the proof of Atiyah's Γ-index
Theorem given in [Roe98, Chap. 15℄. He used an asymptoti expansion of the kernel
of e−tD˜
2
to prove that indΓ D˜
+
is given by an integral on a fundamental domain only
involving the symbol of D˜ and therefore he onluded to the index equality. Therefore,
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here our main task is to show that, in our ase,
d
du
ηΓ(u) is a loal invariant whih an
be omputed as an integral of a loal form.
Lemma 3.9. When for every u ∈ [0, 1], 0 /∈ spec(D˜u),
d
du
ηΓ(u) =
∫
F
an(x,
d
du
D˜u, D˜u)dx
where F is a fundamental domain and an is a loal invariant in the jets of the symbol
of ( d
du
D˜u, D˜u).
The result for η is already known [Gil84, Lem. 1.10.3℄ and orresponds to the ase
Γ = {id}. As the symbol of the operators and their lifts are the same and as we
integrate over a fundamental domain, we onlude that Lemma 3.9 implies Lemma
3.7.
Denition  Proposition 3.10 (M. Ramahandran [Ram93℄ §3.1). The ηΓ-invariant
is dened by
ηΓ(u) =
1
Γ(1/2)
∫ ∞
0
t−1/2 TrΓ(D˜ue−tD˜
2
u)dt.
That is, the following limits
1
Γ(1/2)
lim
T→∞
lim
ε→0
∫ T
ε
t−1/2 TrΓ(D˜ue−tD˜
2
u)dt
are nite. Moreover the limits are uniform with respet to u.
Proof. For 0 the onvergene is based on a Bismut-Freed estimation [BF86, Theo.
2.4℄: denoting by K(t, x, y) the kernel of the integral operator e−tD˜
2
then
|Trx D˜K(t, x, x)| < Ct1/2
where C is a onstant depending on the loal geometry of V, S, the dimension of V
and the rank of S. Hene the limit for ε → 0 is well dened. Moreover, as C does
not depend on u, the onvergene is uniform with respet to u.
For+∞ we use the same standard spetral measure argument as M. Ramahandran
in [Ram93, Theo. 3.1.1℄. The onvergene is again uniform with respet to u.
As a onlusion, the ηΓ-invariant is well dened and ontinuous. 
Now we are ready to prove Lemma 3.9.
Proof. The proof is deomposed in three steps from (a) to (c). A priori, we do not
know that
d
du
ηΓ(u) exists. Its existene will be a onsequene of the proof.
(a) We begin with establishing the formula:
d
du
TrΓ(D˜ue
−tD˜2u) = (1 + 2t
d
dt
) TrΓ(
d
du
(D˜u)e
−tD˜2u).(3.5)
The proof of this formula uses espeially the artile [CG85, 4℄.
Before starting, we make one remark. Subsequently, all inversions of limits and
integrals, integrals and integrals, derivations and integrals, derivations and limits are
permitted by the fat that we work on ompats (u ∈ [0, 1], the Γ-trae is an integral
on a ompat fundamental domain F , . . . ) and the fat that the funtions under
onsideration are smooth (in all variables).
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Now we an start by writing Duhamel's priniple
D˜0e
−(t−ε)D˜2ue−εD˜
2
0 − D˜0e−εD˜2ue−(t−ε)D˜20
= −
∫ t−ε
ε
d
ds
[
D˜0e
−(t−s)D˜2ue−sD˜
2
0
]
ds
= −
∫ t−ε
ε
[
D˜0D˜
2
ue
−(t−s)D˜2ue−sD˜
2
0 − D˜0e−(t−s)D˜2ue−sD˜20D˜20
]
ds.(3.6)
If we take the Γ-trae, the seond term of the last line an be rewritten∫ t−ε
ε
TrΓ
(
D˜0e
−(t−s)D˜2ue−sD˜
2
0D˜20
)
ds
=
∫ t−ε
ε
TrΓ
(
(D˜0e
−(t−s)D˜2ue−
s
2
D˜20)(e−
s
2
D˜20D˜20)
)
ds
=
∫ t−ε
ε
(
(e−
s
2
D˜20D˜20)(D˜0e
−(t−s)D˜2ue−
s
2
D˜20)
)
ds
=
∫ t−ε
ε
TrΓ
(
D˜30e
−(t−s)D˜2ue−sD˜
2
0
)
ds.(3.7)
In the previous omputation we have used the ommutation property of the Γ-
trae but we need to verify the assumptions, that is the two operators inverted
(D˜0e
−(t−s)D˜2ue−
s
2
D˜20) and (e−
s
2
D˜20D˜20) are Γ-Hilbert-Shmidt. It is the aim of the fol-
lowing sub-lemma:
Sub-lemma 3.11. Let S be a Cliord bundle over a ompat Riemannian manifold
V of dimension n. Let D : C∞(S) → C∞(S) be a Dira operator and Q : C∞(S)→
C∞(S) be an auxiliary partial dierential operator of order a > 0. We lift all these
objets to a Γ-overing V˜ (V˜ an be V itself).
Then the operator Q˜e−tD˜
2
is a well dened (i.e. Im e−tD˜
2 ⊂ dom Q˜), innitely
smoothing operator with Γ-invariant kernel k(t, x˜, y˜) = Q˜xK(t, x˜, y˜) (where K(t, x˜, y˜)
is the kernel of e−tD˜
2
and the operator Q˜x ats on K(t, x˜, y˜), onsidered as a funtion
of x˜). Moreover Q˜e−tD˜
2
is a bounded operator from L2(S˜) to L2(S˜) and even a Γ-
Hilbert-Shmidt operator.
Proof. We prove suessively all the points of the sub-lemma.
First we have Im e−tD˜
2 ⊂ dom D˜k. Indeed the funtional alulus ensures that the
operator fk(D˜) = D˜
ke−tD˜
2
for all k where fk(x) = x
ke−tx
2
are well dened beause
the funtions fk are rapidly dereasing. On the other hand the non-ompat Sobolev
embedding Theorem and ellipti estimates (see [Roe98, Prop. 15.4℄ for a proof) assert
that for any p > n
2
and r > 0, there is a onstant c suh that
‖s‖CBr 6 c(‖s‖+ ‖D˜s‖+ · · ·+ ‖D˜p+rs‖)
for all s in the domain of D˜p+r where CBr(S˜) is the spae of setions of S˜ whih
are r times ontinuously dierentiable with all derivatives bounded, ‖s‖CBr is the
sum of the supremum norms of all the derivatives of s and ‖.‖ is the L2-norm. This
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proves that dom D˜p+r ⊂ CBr(S˜). Thus we have proved the rst point: Q˜e−tD˜2 is well
dened.
Moreover, for any rapidly dereasing funtion f , the funtional alulus (see [Roe98,
Prop. 9.20℄ for a proof) estimates the norm of the operator f(D˜) from L2(S˜) to L2(S˜)
by ‖f(D˜)‖ 6 sup |f(λ)| for λ in the spetrum of D˜. Combining this with the non-
ompat Sobolev embedding Theorem gives that e−tD˜
2
maps L2(S˜) ontinuously in
CBr(S˜) for all r. In addition, Q˜ maps trivially CBr(S˜) ontinuously in CBr−a(S˜).
Thus for all k, Q˜e−tD˜
2
maps L2(S˜) ontinuously in CBk(S˜): Q˜e−tD˜
2
is smoothing.
An easy omputation gives the announed kernel and the fat that it is Γ-invariant.
It remains to show that Q˜e−tD˜
2
: L2(S˜) → L2(S˜) is bounded. For this we use the
losed graph Theorem i.e. onsider a sequene (un, Q˜e
−tD˜2un) in the graph whih
onverges to (u, v) in L2-norm, we must show that Q˜e−tD˜
2
u = v. But we know that
the sequene Q˜e−tD˜
2
un onverges to Q˜e
−tD˜2u in CBr-norm and therefore onverges
pointwise. By assumptions the sequene Q˜e−tD˜
2
un onverges to v in L
2
-norm and
so there exists a (dominated) subsequene that onverges almost everywhere. By
uniqueness of the limit Q˜e−tD˜
2
u = v.
Reading again Denition 3.1 of a Γ-Hilbert-Shmidt operator and the paragraph
that follows it, we onlude that Q˜e−tD˜
2
is a Γ-Hilbert-Shmidt operator. 
By denition of ∇u, all the spae CBr(S˜, ∇˜u) are equal beause the norms are equiv-
alent. Therefore, Q˜ = D˜0e
−(t−s)D˜2u
is well dened and we an apply Sub-lemma 3.11
to Q˜e−
s
2
D˜20 = (D˜0e
−(t−s)D˜2u)e−
s
2
D˜20
as well as, diretly to e−
s
2
D˜20D˜20 whih is equal to
Q˜e−
s
2
D˜20 = D˜20e
− s
2
D˜20
.
Let return to the omputation. The equality (3.6) yields
TrΓ
(
D˜0e
−(t−ε)D˜2ue−εD˜
2
0
)
− TrΓ
(
D˜0e
−εD˜2ue−(t−ε)D˜
2
0
)
= −
∫ t−ε
ε
[
TrΓ
(
D˜0D˜
2
ue
−(t−s)D˜2ue−sD˜
2
0
)
− TrΓ
(
D˜0e
−(t−s)D˜2ue−sD˜
2
0D˜20
)]
ds
=
∫ t−ε
ε
TrΓ
(
D˜0(D˜
2
0 − D˜2u)e−(t−s)D˜
2
ue−sD˜
2
0
)
ds.(3.8)
If we dierentiate (3.8) with respet to u and set u = 0, the right-hand side beomes
−
∫ t−ε
ε
TrΓ
(
D˜0
d
du
(D˜2u)e
−(t−s)D˜2ue−sD˜
2
0
)
ds = −
∫ t−ε
ε
TrΓ
(
D˜0
d
du
(D˜2u)e
−tD˜2u
)
ds
= −(t− 2ε) TrΓ
(
D˜0
d
du
(D˜2u)|u=0e
−tD˜20
)
= −(t− 2ε) TrΓ
(
tD0
d
du
(D˜u)|u=0D˜0e−tD˜
2
0 − D˜20
d
du
(D˜u)|u=0e−tD˜
2
0
)
= −(t− 2ε) TrΓ
(
d
du
(D˜u)|u=0D˜
2
0e
−tD˜20
)
by permuting fators as in (3.7).
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Taking the limit ε→ 0, we get
− 2tTrΓ
(
d
du
(D˜u)|u=0D˜20e
−tD˜20
)
= 2t
d
dt
TrΓ
(
d
du
(D˜u)|u=0e−tD˜
2
0
)
.(3.9)
To make the orresponding evaluation for the left-hand side of (3.8) note that
d
du
(
TrΓ
(
D˜ue
−tD˜2u
))
= TrΓ
(
d
du
(D˜u)e
−tD˜2u
)
+ TrΓ
(
D˜u
d
du
(e−tD˜
2
u)
)
.(3.10)
Also for xed ε, as e−tD˜
2
u = e−(t−ε)D˜
2
ue−εD˜
2
u = e−εD˜
2
ue−(t−ε)D˜
2
u
,
d
du
TrΓ
(
D˜ue
−tD˜2u
)
= TrΓ
(
d
du
(D˜u)e
−tD˜2u
)
+ TrΓ
(
D˜u
d
du
(e−(t−ε)D˜
2
u)e−εD˜
2
u
)
+ TrΓ
(
D˜ue
−(t−ε)D˜2u d
du
(e−εD˜
2
u)
)
.(3.11)
Letting ε→ 0 and omparing (3.10) with (3.11) gives
lim
ε→0
TrΓ
(
D˜ue
−(t−ε)D˜2u d
du
(e−εD˜
2
u)
)
= lim
ε→0
TrΓ
(
D˜u
d
du
(e−εD˜
2
u)e−(t−ε)D˜
2
u
)
= 0.
So the derivative at u = 0 of the left-hand side of (3.8) is
lim
ε→0
[
TrΓ
(
D˜0
d
du
(e−(t−ε)D˜
2
u)|u=0e
−εD˜20
)
− TrΓ
(
D˜0
d
du
(e−εD˜
2
u)|u=0e
−(t−ε)D˜20
)]
=
d
du
TrΓ
(
D˜ue
−tD˜2u
)
|u=0
− TrΓ
(
d
du
(D˜u)|u=0e−tD˜
2
0
)
.(3.12)
Combining (3.9) and (3.12) gives
d
du
(
TrΓ
(
D˜ue
−tD˜2u
))
|u=0
= TrΓ
(
d
du
(D˜u)|u=0e
−tD˜20
)
+ 2t
d
dt
TrΓ
(
d
du
(D˜u)|u=0e
−tD˜20
)
.
This ends the proof of the formula (3.5).
If
d
du
ηΓ(u) exists, using the equality (3.5), it would be equal to the following limits
lim
T→∞
lim
ε→0
(
1
Γ(1/2)
∫ T
ε
t−1/2TrΓ
(
(
d
du
D˜u)e
−tD˜2u
)
dt
+
1
Γ(1/2)
∫ T
ε
2t1/2
d
dt
(
TrΓ
(
(
d
du
D˜u)e
tD˜2u
))
dt
)
.(3.13)
Now, in the previous expression (3.13), we integrate the seond term by parts and
obtain
1
Γ(1/2)
lim
T→∞
2T 1/2TrΓ
(
d
du
(D˜u)e
−T D˜2u
)
− 1
Γ(1/2)
lim
ε→0
2e1/2 TrΓ
(
d
du
(D˜u)e
−εD˜2u
)
.
We will now ompute the limits of these both terms.
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(b) We will show that:
lim
T→∞
T 1/2TrΓ
(
d
du
(D˜u)e
−T D˜2u
)
= 0.(3.14)
For this, we reall the useful Proposition 4.15 of [Ati76℄: for a bounded, Γ-invariant
operator A on L2(S˜) whih is of Γ-trae lass and a sequene of bounded, Γ-invariant
operators Bj on L
2(S˜) whih onverges to a bounded, Γ-invariant operator B on
L2(S˜) i.e. ∀f ∈ L2(S˜), Bjf → Bf in L2-norm, we have lim
j→+∞
TrΓ(ABj) = TrΓ(AB).
Let T0 be a stritly positive real. Consider
A =
d
du
(D˜u)e
−T0D˜2u =
(
d
du
(D˜u)e
−T0
2
D˜2u
)(
e−
T0
2
D˜2u
)
.
Sine the operator A is the omposition of two Γ-Hilbert-Shmidt operators (Sub-
lemma 3.11), the operator A is, by denition, of Γ-trae lass. Let Tj be an inreasing
sequene of real whih tends to innity. We dened
Bj = T
1/2
j e
−(Tj−T0)D˜2u = T 1/2j e
−(Tj−T0)c2e−(Tj−T0)(D˜
2
u−c2)
where c is hosen suh that D˜2u − c2 > α > 0 (it's possible beause 0 /∈ spec(D˜u)).
Then the spetral theory shows that e−(Tj−T0)(D˜
2
u−c2)
onverges to B the operator of
projetion on the kernel of D˜2u − c2 whih is {0}. On the other hand T 1/2j e−(Tj−T0)c2
onverges to 0 as j tends to innity. Therefore we have proved that Bj onverges to
the bounded Γ-invariant operator B (projetion on {0}). Finally we have the desired
formula (3.14).
(c) Now we prove the formula:
− 1
Γ(1/2)
lim
ε→0
2ε1/2TrΓ
(
d
du
(D˜u)e
−εD˜2u
)
=
∫
F
an(x,
d
du
D˜u, D˜u)dx(3.15)
where F is a fundamental domain and an is a loal invariant in the jets of the symbols
of ( d
du
D˜u, D˜u).
Using symboli alulus (see [Gil84, §1.7℄), we an improve Sub-lemma 3.11 as
follows.
Sub-lemma 3.12. Under the same assumptions as in Sub-lemma 3.11, there is an
asymptoti expansion on the diagonal:
k(t, x˜, x˜) = {Q˜xK(t, x˜, y˜)}y˜=x˜ ∼
∞∑
k=0
t(k−n−a)/2ek(x˜, Q˜, D˜)
where ek are smooth loal invariants of the jets of the symbols of D˜ and Q˜. This
means that given any integer l there exists an integer k(l) suh that
|k(t, x˜, x˜)−
∑
06k6k(l)
t(k−n−a)/2ek(x˜)| < Cktk for 0 < t < 1.
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Sketh of proof. The proof of this sub-lemma is nearly the same as when the mani-
fold is losed, whih is the ase in [Gil84, Lemma 1.7.7.℄. As in the proof of Sub-lemma
3.11, we use the non-ompat Sobolev embedding assoiated to the ellipti estimates
in order to ompute the norm of the operators from (L2(S˜), ‖.‖) to (CBr(S˜), ‖.‖CBr).
Here the fat that we are on a overing of a losed manifold with lifted operators plays
an important role. In the losed manifold ase, we use the norm of the operators from
the Sobolev spae (L2(S), ‖.‖) onto higher order Sobolev spaes and use the Sobolev
embedding only at the end of the proof. The remainder of the proof is loal and thus
is exatly the same. 
If we have suh an asymptoti expansion for the kernel, we dedue immediately the
following asymptoti expansion for the Γ-trae:
TrΓ
(
Q˜e−tD˜
)
=
∫
F
Tr k(t, x˜, x˜) dvol(x˜) ∼
∞∑
k=0
t(k−n−a)/2
∫
F
Tr ek(x˜, Q˜, D˜) dvol(x˜).
And therefore, in our ase, with Q˜ = d
du
(D˜u) and D˜ = D˜u, we obtain
ε1/2TrΓ
(
d
du
(D˜u)e
−εD˜2u
)
∼
∞∑
k=0
ε(k−n)/2
∫
F
Tr ek(x˜,
d
du
(D˜u), D˜u) dvol(x˜).
As the symbols of the operators and of their lifts are the same, we an replae the
integration over the fundamental domain F by an integration over V , thus
ε1/2TrΓ
(
d
du
(D˜u)e
−εD˜2u
)
∼
∞∑
k=0
ε(k−n)/2
∫
V
Tr ek(x,
d
du
(Du),Du) dvol(x).
We know that
d
du
η exists (see [Gil84, §1.10℄). By the same omputation as for
d
du
ηΓ, we show that the limit limε→0 ε
1/2TrΓ
(
d
du
(Du)e
−εD2u
)
is nite and is equal
to −1
2
Γ(1/2) d
du
η. Moreover, we have also
ε1/2TrΓ
(
d
du
(Du)e
−εD2u
)
∼
∞∑
k=0
ε(k−n)/2
∫
V
Tr ek(x,
d
du
(Du),Du) dvol(x).
As a onsequene we obtain
∫
F
Tr ek(x˜,
d
du
(D˜u) =
∫
V
Tr ek(x,
d
du
(Du) = 0 for k < n.
The only terms whih arise in the omputation of the limit (3.15), are the ones for
k > n, whih ones are non-zero when ε→ 0 only for k = n and the result follows.
Finally we ombine the points (a),(b) and (c) to ahieve the proof of Lemma
3.9. 
4. Approximate inequality
In the present setion we will develop the seond step of the proof as announed in
Setion 2.
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4.1. Rened Kato inequality. First we introdue the ontext. Let V be a losed
Riemannian spin manifold of dimension n. Let D : C∞(S)→ C∞(S) be a rst order
operator. The twisted operator DY of D by a unitary bundle (Y,∇Y ) is the operator
whose symbol is σ(DY ) = σ(D)⊗ 1 dened as follows
C∞(S ⊗ Y ) ∇S⊗Y−→ C∞(T ∗V ⊗ (S ⊗ Y )) = C∞((T ∗V ⊗ S)⊗ Y ) σ(D)⊗1−→ C∞(S ⊗ Y )
So we have DY = (σ(D) ⊗ 1) ◦ ∇S⊗Y = σ ◦ ∇ where σ is just the symbol of the
operator. We now reall the rened Kato inequality [CGH00℄:
Proposition 4.1. Consider Φ an element of ker σ at some point and ϕ an element
of S ⊗ Y at the same point. Then
sup
|ϕ|=1
|〈Φ, ϕ〉| 6 kσ|Φ|,
where the onstant kσ(< 1) only depends on the symbol of the operator D.
Futhermore, for ψ ∈ ker DY i.e. Φ = ∇ψ ∈ ker σ, |d|ψ|| 6 kσ|∇ψ| (∗).
In partiular, for any (twisted) Dira operator /DY , we know kσ = ((n − 1)/n)1/2.
Moreover we have equality in the previous inequality (∗) if and only if there exists a
1-form α suh that
∇ψ = α⊗ ψ + 1
n
∑
ei ⊗ ei · α · ψ.
Proof. We adapt the general proof to the partiular ase of a Dira operator. It is
well known that the symbol σ of the Dira operator is the Cliord multipliation. We
dene Π : C∞(T ∗V ⊗(S⊗Y ))→ C∞(T ∗V ⊗(S⊗Y )) by Π(α⊗ψ) = − 1
n
∑
ei⊗ei ·α·ψ
where ei is an orthonormal basis of T
∗V , α ∈ T ∗V , ψ ∈ S ⊗ Y and · the Cliord
multipliation. We have ker σ = ker Π, the endomorphisms Π and 1−Π are orthogonal
projetions. Let ϕ be a setion of S ⊗ Y with norm 1. Thus, if Φ ∈ ker Π we have
|〈Φ, ϕ〉| = sup|α|=1 |〈Φ, α⊗ϕ〉|. But, by the Cauhy-Shwarz inequality, |〈Φ, α⊗ϕ〉| =
|〈Φ, (1 − Π)(α ⊗ ϕ)〉| 6 |Φ||(1 − Π)(α ⊗ ϕ)|. We now write Pythagoras' equality
1 = |α⊗ ϕ|2 = |Π(α⊗ ϕ)|2 + |(1− Π)(α⊗ ϕ)|2. We an ompute diretly
|Π(α⊗ ϕ)|2 = 1
n2
〈
∑
i
ei ⊗ ei · α · ϕ,
∑
j
ej ⊗ ej · α · ϕ〉 = 1
n
|α|2|ϕ|2 = 1
n
.
The onstant kσ follows.
As in [CGH00, Theo. 3.1℄, we an study the equality ase. In this ase, we have
equality in the Cauhy-Shwarz inequality, hene there exists a 1-form α and a setion
ϕ of S ⊗ Y suh that Φ = (1−Π)(α⊗ ϕ). Furthermore, for ψ ∈ ker /DY , the equality
implies that there exists a 1-form α suh that ∇ψ = α⊗ ψ+ 1
n
∑
ei ⊗ ei · α · ψ. This
will be useful in Setion 5. 
4.2. Bohner-Lihnerowiz-Weitzenbök formula. For this setion we refer to
the artile [GL83, 2℄. Let D denote a Dira operator ating on a Dira bundle S
on V and D˜ denote the lifted Dira operator ating on L2(S˜), the Hilbert spae of
L2-integrable setions of S˜ on V˜ . The inner produt and the norm on L2(S˜) will be
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denoted by 〈〈., .〉〉, respetively ‖.‖ ; they are indued as usual by the pointwise inner
produt 〈., .〉 on S˜ and the anonial volume form dvolV˜ on V˜ .
We dene the Sobolev spae L1,2(S˜). For ψ ∈ C∞c (S˜), the smooth setions of S˜
whih have ompat support, we set
‖ψ‖21 =
∫
V˜
(〈ψ, ψ〉+ 〈∇˜ψ, ∇˜ψ〉)
and denote L1,2(S˜) the ompletion of C∞c (S˜) in this norm.
Let onsider the twisted Dira operators. Let Y be an hermitian bundle over V
and /DY be the assoiated twisted Dira on V ating on setions of /S ⊗ Y . Let /˜DY be
the lifted Dira operator on V˜ and Y˜ be the lifted bundle over V˜ . The operator /˜DY
is the same as the Dira operator /˜D twisted by the bundle Y˜ . We emphasize that, on
V˜ (as on V ), we have the fundamental Bohner-Lihnerowiz-Weitzenbök formula
‖/˜DYψ‖2 = ‖∇˜ψ‖2 + 〈〈scal
4
ψ, ψ〉〉+ 〈〈RY˜ ψ, ψ〉〉
where R
Y˜
is dened by the formula
R
Y˜ (s⊗ e) = 1
2
∑
i,j
(ei · ej · s)⊗ RY˜ei,ej(e) where RY˜v,w = [∇˜Y˜v , ∇˜Y˜w ]− ∇˜Y˜[v,w]
with s a setion of /˜S, e a setion of Y˜ , (ei) an orthonormal basis of T
∗V˜ , · is the Cliord
multipliation and RY˜ is the urvature 2-form with value in End(Y˜ ). Moreover, we
an bound above the norm of the operator R
Y˜
as follows:
‖RY˜ ‖ 6 αn‖RY˜ ‖ = αn‖RY ‖(4.1)
where αn only depends on the dimension of V .
As a onsequene of the Bohner-Lihnerowiz-Weitzenbök formula and of the fat
that the urvature term scal/4+RY˜ is uniformly bounded on V˜ , the maximal domain
of /˜D on L2(/˜S) is exatly L1,2(/˜S) (see [GL83, Theo. 2.8℄).
4.3. Key Lemma. The main purpose of the setion is to prove the following Lemma.
Lemma 4.2. Let Y be a Riemannian bundle over V and /DY be the assoiated twisted
Dira operator on V . Let /˜DY be the lifted Dira operator on V˜ . If 0 belongs to the
spetrum of /˜DY , we have
inf scal(V, g) 6 −4 n
n− 1λ0(V˜ , g˜) + αn‖R
Y ‖
where αn only depends on the dimension of V .
Proof. We need to distinguish two ases. The trivial one is when there exists an
eigenvetor assoiate to the eigenvalue 0. Then we write the Bohner formula and
an onlude in a trivial way. If not, 0 is in the essential spetrum and we annot
diretly use the rened Kato inequality.
For sake of simpliity we will denote D for /DY and S for /S.
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If 0 is in the point spetrum there exists an eigenspinor ψ ∈ L1,2(S˜+ ⊗ Y˜ ) of the
operator D˜ on V˜ . We apply the Bohner-Weitzenbök formula to this ψ:
0 = ‖D˜ψ‖2 = ‖∇˜ψ‖2 + 〈〈scal
4
ψ, ψ〉〉+ 〈〈RY˜ ψ, ψ〉〉.
To obtain the desired inequality, we estimate the three terms of this equality. For the
rst term, we use suessively the rened Kato inequality (Proposition 4.1) and the
Rayleigh's quotient. For the seond, we just bound below the salar urvature with
its inmum. For the third, we use the upper bound (4.1) of the norm of the operator
R
Y˜
.
We nally obtain
0 >
(
n
n− 1λ0(V˜ , g˜) +
inf scal(V, g)
4
− αn‖RY ‖
)
‖ψ‖2.
As ‖ψ‖2 > 0 the result follows.
If 0 is in the essential spetrum, there exists a sequene ψk ∈ L1,2(S˜+⊗Y˜ ) suh that
‖ψk‖2 = 1 and ‖D˜ψk‖2 6 1k‖ψk‖2 = 1k . We have 2|d|ψ|| |ψ| = |d|ψ|2| = 2|〈∇˜ψ, ψ〉|,
thus |d|ψ||2 = |〈∇˜ψ, ϕ〉| where ϕ = ψ|ψ| . Writing D˜ = Π ◦ ∇˜, we obtain:
|〈∇˜ψ, ϕ〉|2 = |〈Π ◦ ∇˜ψ, ϕ〉|2 + |〈(1− Π) ◦ ∇˜ψ, ϕ〉|2.
As Φ = (1−Π)◦∇˜ψ ∈ ker Π, |〈Φ, ϕ〉| 6 kΠ|Φ| 6 kΠ|∇˜ψ| (Proposition 4.1). Moreover
|〈Π ◦ ∇˜ψ, ϕ〉| = |〈D˜ψ, ϕ〉| 6 |D˜ψ||ϕ| = |D˜ψ|, hene
|〈∇˜ψ, ψ|ψ|〉|
2 6 |D˜ψ|2 + k2Π|∇˜ψ|2.
Applying this to ψk and replaing kΠ by its value
√
n−1
n
, we obtain
0 6
∫
|d|ψk||2 6 1
k
+
n− 1
n
‖∇˜ψk‖2.
Now we write the Bohner-Weitzenbök formula applied to ψk
‖D˜ψk‖2 = ‖∇˜ψk‖2 + 〈〈1
4
scalψk, ψk〉〉+ 〈〈RY˜ ψk, ψk〉〉,
onsequently
1
k
>
∫ |d|ψk||2 − 1k
n−1
n
+
1
4
inf scal‖ψk‖2 − αn‖RY ‖‖ψk‖2.
Now we use the Rayleigh's quotient
1
k
>
λ0(V˜ )− 1k
n−1
n
+
1
4
inf scal− αn‖RY ‖.
Letting k →∞
0 >
λ0(V˜ )
n−1
n
+
1
4
inf scal− αn‖RY ‖.
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This ends the proof of Lemma 4.2. 
5. Proof of Theorem A and Theorem C
5.1. Proof of Theorem A. Let V be a losed Riemannian spin manifold with non-
zero Â-genus. We use the Atiyah Γ-index Theorem to ensure that indΓ /˜D
+
= ind /D+ =
ÂV [V ] 6= 0 thus there exists ψ ∈ L1,2(S˜+), ψ 6= 0 suh that /˜Dψ = 0. Therefore we an
use the key Lemma 4.2 simply for the (untwisted) usual Dira operator and obtain
diretly the desired inequality.
5.2. Equality ase (Theorem C). As we know the equality ase in the rened
Kato inequality [CGH00, Theo. 3.1℄, we an study the equality ase in Theorem A.
Sine one of the impliations is trivial (i.e. scal(V, g) = 0 implies the equality), we
have only to prove the other one. So we state the following Proposition.
Proposition 5.1. Under the same assumptions as in Theorem A. If we are in the
equality ase, that is
inf scal(V, g) = −4 n
n− 1λ0(V˜ , g˜),
then V˜ is ompat and scal(V, g) = 0.
Proof. Suppose that we are in the equality ase of Theorem A, we distint two
ases: V˜ is ompat or V˜ is non ompat. If V˜ is ompat we are going to show
that scal(V, g) = 0. On the other hand, we will show that the ase V˜ non-ompat is
impossible.
If V˜ is ompat, then we have trivially λ0(V˜ , g˜) = 0 and hene we get inf scal(V, g) =
−4 n
n−1λ0(V˜ , g˜) = 0. Using the Â-genus vanishing Theorem of Lihnerowiz we on-
lude that scal(V, g) = 0.
When V˜ is non-ompat, we will nd a ontradition.
We begin with the equality ases in the inequalities that we use in the proof of the
key Lemma 4.2:
(a) Equality in the Rened Kato inequality: |d|ψ||2 = n
n−1 |∇˜ψ|2 and, as realled in
Proposition 4.1, there exists a 1-form α on V˜ suh that ∇˜ψ = α⊗ψ+ 1
n
∑
i ei⊗ei ·
α ·ψ, where ei is an orthonormal basis of T ∗V˜ and · is the Cliord multipliation,
(b) Equality for the Rayleigh's quotient: λ0(V˜ ) =
∫ |d|ψ||2∫ |ψ|2 therefore∆|ψ| = λ0(V˜ )|ψ|,
(c) Equality for the inmum: inf scal(V, g) = scal(V, g) and thus λ0(V˜ , g˜) = −n−1n scal(V,g)4 .
Next we make some intermediate omputations in order to onlude to a ontra-
dition in a last time.
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With (a) we ompute |∇˜ψ|2 as follows
|∇˜ψ|2 = 〈α⊗ ψ + 1
n
∑
i
ei ⊗ ei · α · ψ, α⊗ ψ + 1
n
∑
j
ej ⊗ ej · α · ψ〉
= |α|2|ψ|2 + 2
n
∑
i
〈ei, α〉Re〈ψ, ei · α · ψ〉+ 1
n2
∑
i,j
〈ei, ej〉〈ei · α · ψ, ej · α · ψ〉
= |α|2|ψ|2 + 2
n
∑
i,j
〈ei, α〉〈ej, α〉Re〈ψ, ei · ej · ψ〉+ 1
n2
∑
i
〈ei · α · ψ, ei · α · ψ〉
= |α|2|ψ|2 + 2
n
∑
i
〈ei, α〉2Re〈ψ, ei · ei · ψ〉
+
2
n
∑
i<j
〈ei, α〉〈ej, α〉Re〈ψ, (ei · ej + ej · ei) · ψ〉+ 1
n2
∑
i
|α|2|ψ|2.
Hene, we obtain
|∇˜ψ|2 = n− 1
n
|α|2|ψ|2.(5.1)
We will now nd the ontradition proving rst:
Lemma 5.2. We have |α|2 = ( n
n−1
)2
λ0(V˜ , g˜) and ∆|ψ|2 = 0.
Proof. We have two dierent manners to alulate
1
2
∆|ψ|2:
• First,
1
2
∆|ψ|2 = −|∇˜ψ|2 − 1
4
scal|ψ|2
(5.1)
= −n− 1
n
|α|2|ψ|2 − 1
4
scal|ψ|2
(c)
=
(
−n− 1
n
|α|2 + n
n− 1λ0
)
|ψ|
where we have used
1
2
∆|ψ|2 = −|∇˜ψ|2 − 1
4
scal|ψ|2. Indeed we always have
1
2
∆|ψ|2 = 〈∇˜∗∇˜ψ, ψ〉 − |∇˜ψ|2. As ψ is harmoni, 0 = 〈/D2ψ, ψ〉 = 〈∇˜∗∇˜ψ +
1
4
scalψ, ψ〉, hene we have the desired formula.
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• On the other hand, sine ∆f 2 = −2|df |2 + 2f∆f, we have
1
2
∆|ψ|2 = −|d|ψ||2 + |ψ|∆|ψ|
(a)
= −n− 1
n
|∇˜ψ|2 + |ψ|∆|ψ|
(5.1)
= −
(
n− 1
n
)2
|α|2|ψ|2 + |ψ|∆|ψ|
(b)
= −
(
n− 1
n
)2
|α|2|ψ|2 + λ0|ψ|2
=
(
−
(
n− 1
n
)2
|α|2 + λ0
)
|ψ|2.
Finally we have
−
(
n− 1
n
)2
|α|2 + λ0 = −n− 1
n
|α|2 + n
n− 1λ0
onsequently
|α|2 =
(
n
n− 1
)2
λ0.
Thanks to this equality, we dedue that ∆|ψ|2 = 0. 
On the other hand we hek that
d|ψ|2 = 2n− 1
n
α|ψ|2.(5.2)
Indeed we have
d|ψ|2 = 2Re〈∇˜ψ, ψ〉 (a)= 2α|ψ|2 + 2
n
∑
i
Re〈ei · α · ψ, ψ〉ei.
For X ∈ kerα, we have ∑iRe〈ei · α · ψ, ψ〉ei(X) = Re〈X♭ · α · ψ, ψ〉 = 0 using the
properties of the Cliord algebra and the fat that the hermitian metri is adapted
to the Cliord multipliation. For X = α#, we ompute
∑
iRe〈ei · α · ψ, ψ〉ei(α#) =
Re〈α · α · ψ, ψ〉 = −|α|2|ψ|2. The equality (5.2) follows.
We now improve Lemma 5.2 as follows:
Lemma 5.3. We have |α| = 0 and so λ0(V˜ , g˜) = 0.
Proof. By ontradition, we suppose that the onstant |α| is non-zero i.e. λ0 6= 0.
Let f = |ψ|2. We know that f ∈ L1(V˜ ) (beause ψ ∈ L2(S˜)), ∆f = 0 (Lemma 5.2)
and | grad f | = 2√λ0f (Equality (5.2) and Lemma 5.2). Notie that f > 0 everywhere
beause ψ is a non-zero harmoni spinor.
We dene the vetor eld
X =
grad f
| grad f |
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whih is the unit normal to the level-submanifolds V˜c = f
−1(c). The vetor eld X
is omplete on V˜ beause |X| is onstant, equal to 1.
On an integral urve γ of X , d
dt
f = 2
√
λ0f , therefore f(t) = kγe
2
√
λ0t
where kγ is a
stritly positive onstant depending on the urve.
If there exists a losed integral urve γ then there are two dierent times t and t′
suh that kγe
2
√
λ0t = kγe
2
√
λ0t′
: it is impossible. Therefore no suh urve is losed.
Choose f0 ∈ Im f and a little transverse neighbourhood V0 ⊂ V˜f0 of the vetor eld
X around a point x0 ∈ V˜f0 . Let γ the integral urves of X suh that γ(0) ∈ V0 thus
we have f(t) = f0e
2
√
λ0t
on this urves. The neighbourhood V0 is hosen suiently
small suh that the ow of X denes a map Φ : V0 × R → V˜ : (x, t) 7→ ϕt(x)
whih is a dieomorphism on its image. Let us introdue some notations: Vt =
Φ(V0 × {t}) ⊂ V˜f(t), its volume form will be denoted by ωt and ω will be the volume
form of V˜ . We know that ωt = iXω. By denition of the divergene, we have
dωt = d(iXω) = −div(X)ω, therefore ddtωt = −div(X)ωt. The omputation of div(X)
gives
div(X) = div
(
(2
√
λ0f)
−1 grad f
)
= (2
√
λ0f)
−1div grad f − igrad((2√λ0f)−1) grad f
= (2
√
λ0f)
−1∆f − (2
√
λ0)
−1 〈grad (f−1) , grad f〉
= −(2
√
λ0)
−1
〈
−grad f
f 2
, grad f
〉
= (2
√
λ0f
2)−1| grad f |2 = 2
√
λ0.
We onlude that
d
dt
ωt = −2
√
λ0ωt, thus ωt = e
−2√λ0tω0 where ω0 is the (n − 1)-
volume form of V˜f0 . As a result, vol(Vt) = e
−2√λ0tv0 where v0 = vol(V0) is a stritly
positive onstant.
As (Φ(V0×R), g˜) is isometri to (V0×R, gt+dt2) where (V0×{t}, gt) is isometri
to (Vt, g˜|V˜f(t)), we an ompute the following integral∫
Φ(V0×R)
fω =
∫
R
∫
Vt
f(t)ωtdt =
∫
R
f0e
2
√
λ0te−2
√
λ0tv0dt =∞.
This is in ontradition with the fat that f ∈ L1(V˜ ). Hene we have proved the
desired result i.e. |α| = 0. 
Finally we dedue a ontradition. Thanks to the equality (5.1), Lemma 5.3 and
(a), we write |∇˜ψ| = 0 = |d|ψ||, thus |ψ| is onstant. As ψ belongs to L2(V˜ )
with V˜ non-ompat, we dedut that |ψ| = 0. This is impossible (ψ is non-zero by
onstrution). We onlude that if V˜ is non-ompat, we annot be in the equality
ase.
This ends the proof of Proposition 5.1. 
22 H. DAVAUX
Remark 5.4. In the ompat ase we also have |α| = 0. Therefore using the equality
(5.1), we have proved that in the equality ase there exists a harmoni parallel non-
zero spinor on V˜ . This is a very strong onstraint on the holonomy of V˜ . The paper
of M. Wang [Wan89℄ is an illustration of this general philosophy.
5.3. Consequenes and remarks. Let (V, g) satisfy the assumptions of Theorem
A, then using Theorem C we obtain the following possiblities:
- either scal(V, g) = 0 and then the equality holds in Theorem A, hene V˜ is
ompat. Moreover, as ÂV [V ] 6= 0, we onlude that Ricci(V, g) ≡ 0 (see [Bou75,
VIII.6.℄ or [KW75, Lem. 5.2.℄ for a proof).
- or inf scal(V, g) < 0 therefore we annot be in the equality ase, that is inf scal(V, g) <
−4 n
n−1λ0(V˜ , g˜).
We an ompare this result with the Cheeger-Gromoll Theorem [CG85℄. Our work
proves again that a manifold (V, g) with Ricci(V, g) ≡ 0 and ÂV [V ] 6= 0 has a nite
fundamental group (or equivalently, has a ompat universal overing).
6. Proof of Theorem B
Let V n be a losed Riemannian manifold whih is enlargeable in the sense of
Gromov-Lawson (see Denition 1.1).
6.1. Even dimensional ase (dimV = n = 2m). It is exatly the same idea as
when M. Gromov and H.B. Lawson proved the obstrution result ited in the intro-
dution for enlargeable manifolds of even dimension ([GL83, §5℄, [GL80℄). For sake
of ompleteness we reall the method.
To prove Theorem B in the even dimensional ase, we proeed by ontradition.
Assume that the inequality (1.1) does not hold i.e.
inf scal(V, g) > −4 n
n− 1λ0(V˜ , g˜).
Then Theorem A asserts that ÂV [V ] = 0.
In order to use Lemma 4.2, we must nd (Z2-graded) Dira operator on V satisfying
the ondition of Propositition 3.2. As announed in Setion 2 we will use twisted
Dira operators with unitary bundles Y . For suh an operator, it is well known
that ind(/DY
+
) = {Â(V ) ch(Y )}[V ]. Hene we must onstrut bundles Y suh that
{Â(V ) ch(Y )}[V ] 6= 0.
Fundamental onstrution. Let f : V → S2m be a map of non-zero degree. Consider
the pullbak bundle Y via f of a bundle X on S2m (that we will speify afterwards).
Computation of the index of those twisted Dira operators. In the ase above we
an ompute the Chern harater of the bundle Y . We know that ch(Y ) ∈ H2∗(V )
and ch(Y ) = f ∗ ch(X). Deomposing ch(X) = rank(X) + ch1(X) + · · · + chm(X)
where chi(X) ∈ H2i(S2m), as we know the ohomology of the sphere S2m, we obtain
ch(X) = rank(X) + chm(X) and therefore ch(Y ) = rank(X) + f
∗ chm(X).
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Next onsidering the Â-lass Â(V ) = 1 + Â1(V ) + · · · where Âi(V ) ∈ H4i(V ), we
hek that
{Â(V ) ch(Y )}[V ] =
{
{rank(X) Âm/2(V ) + f ∗ chm(X)}[V ] if m is even,
{f ∗ chm(X)}[V ] if m is odd.
But {Âm/2(V )}[V ] = ÂV [V ] = 0, thus in the two ases
{Â(V ) ch(Y )}[V ] = deg f{chm(X)}[S2m].
Choie of X suh that the index is non-zero. We have already hosen f suh that
deg f 6= 0. If we hoose X equal to the positive half spinor bundle over S2m, it is well
known that {chm(X)}[S2m] 6= 0. Therefore we have onstruted the desired bundle.
Use of enlargeability. Note that, as Y = f ∗X , we get ‖RY ‖ 6 ‖df‖2‖RX‖. Using
enlargeability, for all ε > 0, we an nd a nite Riemannian spin overing V˜ε of V
and a map fε : V˜ε → S2m of non-zero degree suh that the bundle Yε onstruted as
above satises
‖RYε‖ 6 ε and {Â(V˜ε) ch(Yε)}[V˜ε] 6= 0.
(Sine the Â-genus is multipliative under overings, the Â-genus of V and V˜ε are
both zero.) In fat we onsider the following diagram:
Yε = f
∗
ε (X)

X

V˜ε
fε
//

S2m
V
Then we onstrut the twisted Dira operator /Dε on V˜ε ating on setions of
the bundles /S ⊗ Yε. Let /˜Dε be its lift on V˜ . We have indΓ(/˜D
+
ε ) = ind(/D
+
ε ) =
{Â(V˜ε) ch(Yε)}[V˜ε] 6= 0. Using Proposition 3.2, we dedue that 0 belongs to the point
spetrum of /˜Dε. Thus we an apply Lemma 4.2 to the manifold V˜ε to obtain
inf scal(V, g) = inf scal(V˜ε, g˜ε) 6 −4 n
n− 1λ0(V˜ , g˜) + αnε.
Letting ε→ 0, we get a ontradition. Consequently the inequality (1.1) holds.
6.2. Odd dimensional ase (dimV = n = 2m − 1). Sine Setion 3.3 we know
that if we use a family of Dira operators in order to nd an operator D˜ on V˜ suh
that 0 belongs to the spetrum of D˜, we must satisfy Theorem 3.4: the spetral ow
must be non-zero. In partiular, we will look for a family of twisted Dira operators
/DYu suh that its spetral ow is non-zero. In fat it is exatly the same idea as in
the even dimensional ase: we pull bak a bundle from S2m−1 × [0, 1] to V × [0, 1].
Then, the key Lemma 4.2 permits to onlude using enlargeability.
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Fundamental onstrution. We borrow this onstrution from M. Atiyah in [Ati85, p.
258-259℄. Let h : S2m−1 → GlN(C) (that we will hoose later) where we take N
suiently large. Fix a trivialization on the trivial bundle X0 = S
2m−1 × CN and
onsider h as a multipliation operator on this bundle. We denote ∇0 the trivial
onnetion on X0 with respet to the xed trivialization and ∇1 = h∗∇0. Consider
now the linear family of onnetions ∇u = u∇1 + (1 − u)∇0 joining ∇0 to its gauge
transform ∇1. We also dedue a (trivial) bundle X on S2m−1× [0, 1] with onnetion
∇ = ∇u + ∂∂u and a xed trivialization.
With a map f : V → S2m−1 of non-zero degree we onstrut the orresponding
family of bundles (Y0, Au) = (f
∗X0, f ∗∇u) on V , the (trivial) bundle Y on V × [0, 1]
with onnetion A = Au+
∂
∂u
and the orresponding family of twisted Dira operator
Du = /D
Yu
. We want to nd a family Yu (i.e. maps f and h) suh that the spetral
ow is non-zero.
Computation of the spetral ow of this family. In the ase of twisted Dira oper-
ators /DYu and of the operator D = ∂
∂u
− /DYu (take are on the onvention on D, see
Remark 3.6), we know that A(1) = −{Â(V × [0, 1]) ch(Y,A)}[V × [0, 1]]. Moreover,
thanks Lemma 3.5, the spetral ow is equal to −A(1).
Let notie that, on a manifold with boundary, the Chern harater depends on the
onnetion. Thus even if a bundle is trivial, it an have a non-trivial Chern harater.
By onstrution ch(Y,A) = (f × id)∗ ch(X,∇). Moreover, the fat that ch(X,∇) ∈
H2∗(S2m−1 × [0, 1]) and the Künneth formula assert
ch(X,∇) = rank(X) + chm(X,∇), hene ch(Y,A) = rank(X) + (f × id)∗ chm(X,∇).
We have also that Â(V × [0, 1]) = Â(V ) ∈ H4∗(V × [0, 1]). Thus
sf(1) = {Â(V × [0, 1]) ch(Y,A)}[V × [0, 1]]
= {Â(V ) (rank(X) + (f × id)∗ chm(X,∇))}[V × [0, 1]]
= rank(X) ÂV [V ] + deg f{chm(X,∇)}[S2m−1 × [0, 1]].
For an odd dimensional manifold, we always have a zero Â-genus. It remains to know
how {chm(X,∇)}[S2m−1 × [0, 1]] depends on h.
To begin, in the above xed trivialization, the onnetion 1-form of (X0,∇1 =
h∗∇0) is given by ω1 = h−1dh. Thus the onnetion 1-form of the bundle (X0,∇u =
u∇1+(1−u)∇0) is ωu = uh−1dh+(1−u)ω0 but ∇0 is trivial in the xed trivialization
hene ω0 = 0. Therefore the onnetion 1-form of the bundle (X,∇) at the point
(s, u) ∈ S2m−1 × [0, 1] is
ω(s,u) = ω
u
s = uh
−1dh.
Now we alulate the onnetion 2-form of the bundle (X,∇) remarking that d(h−1) =
−h−1dhh−1
Ω = du ∧ h−1dh− (u+ u2)h−1dh ∧ h−1dh.
Reall that a dierential form representing chm(X) is given by(
i
2pi
)m
1
m!
Tr(Ωm).
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If h−1dh appears an even number of times, the trae is zero. If du appears twie, the
form is zero. Therefore(
i
2pi
)m
1
m!
Tr(Ωm) = C Tr((u+ u2)m−1du ∧ h−1dh ∧ · · · ∧ h−1dh︸ ︷︷ ︸
2m−1
)
= C(u+ u2)m−1du ∧ Tr(h−1dh ∧ · · · ∧ h−1dh)
onsequently
{chm(X,∇)}[S2m−1 × [0, 1]] = C
∫ 1
0
(u+ u2)m−1du
∫
S2m−1
Tr(h−1dh ∧ · · · ∧ h−1dh)
where C is a non-zero onstant.
Choie of h suh that the spetral ow is non-zero. We have already hosen f suh
that deg f 6= 0 and we have trivially that ∫ 1
0
(u+u2)m−1du 6= 0. Thus we must hoose
h suh that
∫
s2m−1
Tr(h−1dh ∧ · · · ∧ h−1dh) 6= 0.
For onstruting h, we begin with hoosing J0, · · · , J2m in Aut(V ) = Gl2N(C) whih
satisfy the identities
JαJβ = −JβJα if α 6= β and (Jα)2 = Id .
(N must be suiently large so that CN is suh a Cliord module, for example
N = 2m). Let J be imJ1J2 · · ·J2m. As J2 = Id, if we denote V0 = Ker(J − Id) and
V1 = Ker(J + Id), we have V = V0 ⊕ V1, eah automorphism Jα maps V0 onto V1
(note that JαJ = −JJα) and dim V0 = dimV1 = N . We also remark that for an
even number k < m of distint αi we have Tr((Jα1 · · ·Jα2k)|V0) = 0. Now we dene
h : S2m−1 → Aut(V0) = GlN(C) by h(x1, · · · , x2m) = J1(x1J1 + x2J2 + · · ·+ x2mJ2m)
restrited to V0. By notiing that d(h
−1) = −h−1dhh−1, that (x1J1+· · ·+x2mJ2m)2 =
Id and that (Jαdxα) ∧ (Jβdxβ) = (Jβdxβ) ∧ (Jαdxα) we an prove that
Tr(h−1dh ∧ · · · ∧ h−1dh︸ ︷︷ ︸
2m−1
) = (2m− 1)!N
2m∑
j=1
(−1)jxjdx1 ∧ · · · ∧ d̂xj ∧ · · · ∧ dx2m.
i.e. Tr(h−1dh ∧ · · · ∧ h−1dh) is proportional to the volume form of the sphere S2m−1.
We onlude that
∫
S2m−1
Tr(h−1dh ∧ · · · ∧ h−1dh) 6= 0. Moreover h dene a non-zero
element in pi2m−1(GlN(C)) = Z.
Use of enlargeability. It is the same as in the even dimensional ase. For a family
onstruted as above, using the key Lemma 4.2, we have
inf scal(V, g) 6 −4 n
n− 1λ0(V˜ , g˜) + αn‖R
Yu0‖ for some u0 ∈ [0, 1].
Reall that Yu = f
∗(Xu) where f : V → S2m−1 is of non-zero degree. Thus ‖RYu‖ 6
‖df‖2‖RXu‖. But by onstrution, we know that ‖RXu‖ 6 C where C is a onstant
independent of u. Therefore we have
‖RYu‖ 6 C‖df‖2.
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If we replae V by a Riemannian nite overing (using enlargeability), this does not
hange the result and we an hoose f suh that ‖RYu‖ is as small as we want, for
example ‖RYu‖ 6 ε with ε > 0. Letting ε → 0 in Lemma 4.2, we onlude as in the
even dimensional ase.
7. Generalizations and Remarks
7.1. Uniation of Theorem A and Theorem B. We an use a more general
notion of enlargeability (see [GL83, §5&6℄), more preisely:
Denition 7.1. A losed Riemannian n-manifold (V, g) is said to be area-enlargeable
in dimension p if given any ε > 0, there exists a nite Riemannian overing V˜ε of V
whih is spin and a C1-map fε : V˜ε → Sp whih is ε-ontrating on 2-vetors (i.e. if
‖f∗ϕ‖ 6 ε‖ϕ‖ for all 2-vetors ϕ on V˜ε) and of non-zero Â-degree (i.e. the Â-genus
Â(f−1(y)) of the inverse image of eah regular value y is non-zero).
We remark that for a losed Riemannian n-manifold (V, g) whih is area-enlargeable
in dimension p, we have neessary p ≡ n mod 4. The ase p = 0 orrespond to the
non-zero Â-genus ase. The ase p = n orrespond to the enlargeable manifold as
dened in the introdution. We use area-ontrating map beause we notie that in
the proof of Theorem B we only need the ontration of 2-vetors (and not neessary
of vetors themselves). Thus we an give the following unied statement:
Theorem D. Let (V, g) be a losed Riemannian manifold of dimension n. If V is
area-enlargeable in dimension p, then the inequality (1.1) holds.
7.2. On K-area. In the paper [Gro96℄, M. Gromov sets the notion of enlargeability
in a broader perspetive. He denes a Riemannian invariant, the K-area. Roughly
speaking, (V, g) has a big K-area if it arries a (non trivial !) vetor bundle with small
urvature. More preisely:
Denition 7.2. Let (V 2m, g) be a losed even-dimensional oriented Riemannian man-
ifold.
A bundle X over V is said homologially signiant if at least one harateristi
(Chern) number of X does not vanish.
Let
C(V, g) = inf ‖RX‖
be the inmum taken on all hermitian homologially signiant bundles X. We dene
the K-area to be the inverse of this number:
K-area(V, g) = C(V, g)−1.
It follows immediately that if V is enlargeable, K-area(M, g) is innite for any g.
In fat the property for the K-area to be innite is, like enlargeability, a topologial
property. For details on this new Riemannian invariant we refer to the original paper
[Gro96, §4&5℄.
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Then M. Gromov proves a theorem whih an replae the Gromov-Lawson Theorem
on enlargeable manifolds ([GL80℄). It states that for a losed Riemannian spin man-
ifold V , if inf scal(V, g) > ε2 then K-area(V, g) 6 Cε−2 if V is even dimensional and
K-area(V ×S1, g×can) 6 Cε−2 if V is odd dimensional ; where C is a onstant whih
depends only on the dimension of V . As a onsequene: a losed even-dimensional
spin Riemannian manifold of innite K-area does not arry any metri of stritly pos-
itive salar urvature. Therefore the proof of Theorem B an be adapted to obtain
the following:
Theorem E. Let (V, g) be a losed Riemannian spin manifold of dimension n. If V
is even dimensional and K-area(V ) =∞ or if V is odd dimensional and K-area(V ×
S1) =∞, then the inequality (1.1) holds.
Proof. To prove this theorem, it sues to remark that the assumptions on K-area
allow to onstrut the desired bundles in the even dimensional as in the odd dimen-
sional ases and then to use Lemma 4.2.
If the K-area of a losed even-dimensional manifold V is innity, for every ε > 0
there exists a bundle Yε on V suh that ‖RYε‖ 6 ε and {Â(V ) ch(Yε)} 6= 0. After-
wards, the proof is exatly the same as for an enlargeable even-dimensional manifold.
In the odd dimensional ase, reall that the spetral ow only depends on Atiyah-
Singer index Theorem on the ompat manifold V × S1 (see Remark 3.8). Hene it
sues to replae V by V × S1 in the previous statement to obtain the result. 
7.3. Consequenes. In [Gro96, §51
2
℄, M.Gromov gives the following orollary whih
is a very interesting non-approximation interpretation of the inequality of K. Ono (or
a fortiori ours) and we give here a onise proof.
Corollary 7.3 (M. Gromov). Let (V, g0) be a losed Riemannian manifold whih is
area-enlargeable in dimension p and with a non amenable fundamental group. Then,
there exist a onstant σ0 = σ0(g0) > 0 suh that g0 admits no C
0
-approximation by
C2-metris g on V with scal(V, g) > −σ0.
Proof. The Riemannian manifold (V, g) satises the assumptions of Theorem D,
onsequently
inf scal(V, g) 6 −4 n
n− 1λ0(V˜ , g˜).
A basis of neighbourhoods of g0 is given by the sets Vab = {g, a2g0 6 g 6 b2g0} where
0 < a2 < 1 < b2. Then for all g ∈ Vab and for all k ∈ N we have anbn+2λk(g˜0) 6 λk(g˜) 6
bn
an+2
λk(g˜0) from the Courant-Fisher min-max haraterization of the eigenvalues of
the Laplae operator. This implies that the funtion g 7→ λ0(V˜ , g˜) is ontinuous
therefore there exists a C0-neighbourhood V of g0 suh that for all metri g in V
|λ0(V˜ , g˜)− λ0(V˜ , g˜0)| < ε.
As the fundamental group is non amenable, we know that λ0(V˜ , g˜0) 6= 0 ([Bro81℄).
Letting σ0(g0) = 4
n
n−1(λ0(V˜ , g˜0)− ε) > 0 (for ε suiently small) then for all metri
g in V,
inf scal(V, g) 6 −4 n
n− 1λ0(V˜ , g˜) < −4
n
n− 1(λ0(V˜ , g˜0)− ε) = −σ0(g0).
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Consequently we annot approximate g0 by a C
0
-sequene of C2-metris suh that
inf scal(V, g) > −σ0(g0). 
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